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INTRODUCTION
Planetary gear transmissions are used in a large diversity of machines within the industry. Particularly, they are used when high power transmission is required [1] . Machines working with high power levels are typically considered critical within the process. Therefore, they receive special attention aiming to avoid unexpected failures that might need to stop the operation of the machine for repairing, thus hindering or even completely stopping the whole production. Typically, a condition monitoring strategy is used in these types of machines. Within this strategy, the vibration measurement and analysis appears as the most powerful tool for early failure diagnosis. In order to prevent their development into major damages, the development of the detected failures is watched carefully. In parallel, repair activities are scheduled to optimize resources and minimize the time the machine remains out of production.
Vibration-based failure diagnosis has been an active field of research for decades [2] . Consequently, several techniques based on different signal processing tools have been developed, leading to an increase in the diagnosis capabilities of many failure types on different machine parts. In the case of gear failures, the interest has been mainly focused on conventional (fixed-shaft) gear transmissions, where satisfactory results have been obtained [3] [4] . Conversely, planetary gear transmissions have not been addressed with the same interest and the results of failure diagnosis on these units has not been as favorable as in the case of fixed-shaft gear transmissions [5] [6] .
Considering that planetary gear transmissions are used in critical machines, and that the results of the condition monitoring strategies used in planetary gear transmissions have not produced favorable results, the problem becomes evident. We believe that one of the major reasons for the unfavorable results of the vibration-based condition monitoring strategy used in planetary gear transmissions relies on the insufficient knowledge about the characteristics of their vibrations. Regarding the spectral analysis of vibrations performed in the industry, the author has observed that planetary gear transmissions are erroneously considered as if they were fixed-shaft transmissions, even though the distinction has been made in the literature [7] . As shown in this work, vibrations generated in different planetary gear transmissions can produce spectra with different structures. This is in opposition to the case of fixed-shaft gear transmissions, were roughly the same structure is always found. Hence, planetary gear transmissions should be treated differently. Moreover, when analyzing the vibration spectrum of a planetary gear transmission, the expected structure of the vibrations (i.e. the spectral pattern) should be previously known. This is only possible if a previous knowledge of the vibrations generated in these units exists.
The main objectives of this paper are (i) to provide the reader a clear overview of the vibrations generated in a single-stage planetary gear transmission, and (ii) to provide the theoretical background to sustain a classification of planetary gearboxes according to the spectral structure of their vibrations. A validation of the model is also presented, based on the comparison with real measurements. All this should allow the a-priori determination of the structure of the vibration spectrum of any singlestage planetary gear transmission.
MODEL DESCRIPTION
If the tooth profiles of a gear transmission were perfect involutes and the teeth were non-deformable, then no vibration would be generated due to the tooth gear meshing process of geared transmissions. This, however, does not occur. In the reality, tooth profiles differ from the perfect involute due to, for example, fabrication errors, deformation under load, wear, etc. Consequently, vibrations resulting from tooth meshing are inherent to geared transmissions.
The transmission error (TE) is a measurable function, which quantifies the deviations of the real tooth profiles from perfect involutes. Accordingly, it has been traditionally recognized as the cause of vibrations generated in geared transmissions [1, 8] .
Due to the meshing of successive pairs of teeth from the conducted and conduced gear wheels, the TE is a periodic function with a period equal to the inverse of the gear mesh frequency (i.e. the frequency with which successive pairs of meshing teeth come into contact) [9] . Consequently, the typical spectrum (i.e. spectral pattern) of the vibrations measured on a non-faulty fixed-shaft gear transmission presents lines at the gear mesh frequency f g and harmonics ( Figure 1 ). Also spectral lines at the rotational frequency of each geared wheel are usually present in the spectrum, as well as sidebands spaced at these frequencies around the gear mesh frequency and harmonics. This spectral pattern represents the normal spectrum of the vibrations measured on any fixed-shaft gear transmission, varying only the absolute and relative amplitude of the spectral lines, as well as their frequencies, which are related to the rotational frequency of the gear wheels. In the case of planetary gear transmissions, different structures of the vibration spectrum can be found, thus making impossible the definition of a unique spectral pattern. In what follows, we present a model for the vibrations generated in a planetary gear transmission to explain the cause of this phenomenon. It must be pointed out that the model presented here is similar to other models found in the literature [7, 10] . However, the frequency analysis of the model, which determines the shape of the spectrum, is obtained using the analytical Fourier theory, rather than based on results from numerical simulations. This has the advantage of giving the reader a clearer overview of the phenomena that produces different spectral structures on planetary transmissions. Figure 2 shows a cross-sectional view of a single-stage planetary gear transmission. In a planetary gear transmission, the ring gear remains fixed during operation. When used in speed-reduction mode, the input of the transmission is the sun gear. As the sun gear rotates, the planet gears are forced to rotate around their own axis of rotation. However, since they additionally mesh with the fixed ring gear, they are also forced to revolve around the axis of rotation of the sun gear. The revolving motion of the planet gears is finally transferred to the carrier plate, which constitutes the output of the transmission. When used in speed-increasing mode, the functioning is the opposite.
Planetary gear transmissions usually form part of larger transmissions. For this reason, their bearing housings are inaccessible. Therefore, the vibrations are typically measured in the outer part of the ring gear [7] , as represented in Figure 3 . Consequently, the model is developed to represent this situation.
The following considerations are taken in the development of the model: (i) vibrations are only generated in the planet-ring gear mesh processes; (ii) the vibrations generated in each planet-ring gear mesh process are periodic, have the same amplitude and have no amplitude modulation; and (iii) the vibrations are transmitted to the sensor through the ring gear only. Reference [11] addresses the relaxation of these considerations. Figure 4 shows the vibrations v i = 1…N (t) generated in the gear mesh processes between each planet i and the ring gear, as experienced by an observer standing on and rotating with the carrier plate. Here, the symbol i is used to represent the index of the planet gear (i.e. i = 1…N, where N is the total number of planet gears present in the transmission). All vibrations v i = 1…N (t) have the same shape and share the same gear mesh frequency f g , which is given by
where Z R is the number of teeth of the ring gear and f C is the rotational frequency of the carrier plate.
Interestingly, as shown in Figure 4 , a time-shift can exist between the different vibrations v i = 1…N (t). Taking a given point within the line of action of meshing teeth from corresponding gear mesh processes (e.g. the pitch point), this means that the contact at this point for the meshing tooth pair of each gear mesh process can take place at different time instants. The time-shift can also be expressed as a phase-shift. Considering the planet gear No. 1 as the reference planet, the phase-shift between the vibration generated in the gear mesh process of the i-th planet gear with the ring gear and the vibration generated in the gear mesh process of the reference planet gear with the ring can be calculated as follows [11] [12] .
where ϕ i is the relative angle between the position of the i-th planet gear and the reference planet gear (Figure 3 .) It is clear from equation (2) that the phase-shift magnitude is determined by the geometry of the transmission. Hence, it is a specific feature.
Under consideration of the phase shift presented in equation (2), the vibration v i (t) can be expressed as a time-shifted version of v 1 (t)
In addition, during the operation of the transmission, the planet gears revolve around the sun gear. This makes the contact points between each planet gear and the ring gear -i.e. the source location of the vibrations v i = 1…N (t)-to follow the internal circumference of the ring gear. On the other hand, the sensor remains steady. Thus, the distance between the sensor and the sources of the vibrations v i = 1…N (t) is variable during the operation of the transmission. The variable distance produces a variable transmission path, which has an amplitude modulation effect on the vibrations v i = 1…N (t). Hence, the sensor experiences an increase in the amplitude of the vibration v i (t) as the i-th planet gear approaches the sensor position; conversely, it experiences a decrease in the amplitude of the vibration, as the planet gear moves farther away. As illustrated in Figure 5 , this process repeats with each rotation of the carrier plate, because the planet gears rotate together with this structure. Consequently, the amplitude modulation function a i (t) due to the variable transmission path is a periodic function with fundamental frequency equal to the rotational frequency of the carrier plate f C . Furthermore, since all vibrations v i = 1…N (t) are transmitted to the sensor through the ring gear, the amplitude modulation function a i (t) of the vibration generated on the i-th planet gear v i (t), can be expressed in terms of the amplitude modulation function a i (t) of the vibration generated in the reference planet gear Figure 6 shows schematically the shape of the amplitude modulation functions for each gear mesh process.
With the definitions presented above, the expression of the vibration generated in the gear mesh process between the i-th planet gear and the ring gear as measured by the sensor can be written as Since all vibrations v i = 1…N (t) occur simultaneously, and considering the system as linear, the total vibration x(t) experienced by the sensor is the sum of all amplitude-modulated vibrations x i = 1…N (t)
x t x t a t x t It must be pointed out that equation (6) assumes the reference planet is at the sensor position at the measurement start. Logically, this is only a particular case. The model can be generalized to an unknown position at the measurement start, by including a time-shift t 1 =θ 1 / (2πf C ) into the amplitude modulation function a 1 (t), where θ 1 represents the unknown angular position of the reference planet gear at the measurement start ( Figure 3) . Thus, the generalized expression of the model is
where t i = ϕ i / 2πf C . It can also be shown that the term γ i / f g in equation (7) is equivalent to t i . That is, both functions a 1 (•) And v 1 (•) are affected by the same amount of time shift.
FREQUENCY ANALISYS: STRUCTURE OF THE VIBRATION SPECTRUM
The spectrum of a vibration signal is a graphic representation of the coefficients of the Fourier transform of the signal, and is used for the examination of its frequency content. The vibration spectrum and its proper interpretation constitute the fundamental technique for vibration-based failure diagnosis of rotating machines. Logically, a proper interpretation is only possible if there is a previous knowledge about the spectral structure of the vibrations of the mechanical system under analysis. In this section, we present the results from the frequency analysis of the vibrations generated on a single-stage planetary gear transmission and the structure of the vibration spectrum for the non-faulty condition. The procedure is based on the theoretical determination of the Fourier transform of the model presented in equation (7) and its analysis for planetary gear transmissions with different geometries.
The Fourier transform of x(t) is given by [11]
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where F{•} represents the Fourier transform and * denotes the convolution product (i.e. a( Hence, the Fourier transforms of a i (t) and v i (t) can be calculated from equation (9) and equation (10) 
Recalling that a i (t) was defined as a periodic function, it accepts Fourier series decomposition a t a t t i f a e ( ) 2
The graphical representation of equation (13) is the frequency spectrum. Please observe that the term d(f -kf g -qfC) in equation (13) implies that X(f) can take non-zero values only for the frequencies f = kf g + qf C , with k, q ∈ Z. Furthermore, the Note from equation (14) that the exponential term acts as a sampling function, since it can yield non-zero values only for combinations of k and q satisfying the condition (kZ R + q) = mN, where m is an integer number. This observation is in accordance with [13] . Hence, for planetary gear transmissions with equally-spaced planet gears, equation (13) can be written as
Note also that the gear mesh frequency is obtained for k = 1 and q = 0. It is observed from equation (15) that the spectrum will show a line with non-zero magnitude at this frequency only if the quotient Z R /N is an integer number. If this condition is not fulfilled, the spectrum will show no line at the gear mesh frequency. Figure 9 shows with thin line a portion of the spectrum around the gear mesh frequency according to equation (15) for a planetary gear transmission with three equally-spaced planets and Z R = 112. Note the absence of a non-zero magnitude line at the gear mesh frequency f g =112 f C . In the same figure, with a thick gray line, the scaled version of the spectrum of the vibration generated in the gear mesh process of a single planet gear with the ring gear x i (t) has been plotted. This figure also evidences the sampling effect of the exponential term of equation (14) .
From the analysis presented in the preceding paragraphs, it results evident that the geometry of the planetary gear transmission is a determining factor in the spectral structure of the vibrations generated on it. In simple words, planetary gear transmissions with different geometries can originate vibrations with different non-zero lines in their spectrum; however, all representing the normal vibratory behaviour (i.e. non-faulty.) Particular cases have been presented to illustrate this situation [7, 13] . However, it is only recently that the problem of the determination of the spectral structure of the vibration spectrum for the generality of single-stage planetary gear transmissions has been considered. In [10] , a vibration model similar to the presented in this work is used. The vibration spectrum is calculated numerically from the model by using the FFT (Fast Fourier Transform) algorithm, for different geometries. The authors found that it was possible to group certain planetary gear transmissions with different geometries, because their vibrations produced spectra with similar structures. Based on this, a classification of planetary gear transmissions in five groups was proposed. The classification was done based in the observation of the spectra obtained numerically from the model; a theoretical justification of the classification was not presented. This was carried out in [11] based on the analysis of the structure of equation (13) where the conditions of planet gear spacing and phase of the gear mesh processes are fully determined by the geometry of the transmission. Hence, provided the geometry is known, it is possible to determine which group the transmission pertains to.
The second result is related to the specific characteristics of the vibration spectra of each group. These are presented in the following subsections.
Group A This group is formed by planetary gear transmissions whose planet gears are equally distributed around the sun gear. Additionally, the gear mesh processes taking place in the transmission are in-phase, which occurs if Z R /N = m, where m is an integer number. Figure 10 shows the characteristic vibration spectrum for planetary gear transmissions of group A. The spectrum presents lines at the gear mesh frequency and harmonics. In addition, each of these lines presents a symmetrical distribution of spectral lines, spaced at ∆ f = Nf C . Figure 10 . Illustration of the spectrum for a planetary gear transmission of group A (Z R = 72 and N = 3; synthetic data).
Group B
Planetary gear transmissions of this group have planet gears which are equally distributed around the sun gear. Additionally, the gear mesh processes occurring in the transmission are out-of-phase, a condition met if the quotient Z R /N is a non-integer. Figure 11 shows the typical vibration spectrum for planetary gear transmissions of group B. In this case, the spectrum presents no line (i.e. it presents a line with zero magnitude) at the gear mesh frequency and harmonics. Additionally, an asymmetrical (in magnitude and frequency) distribution of spectral lines is observed around the frequency axis defined by the gear mesh frequency and its harmonics. Furthermore, the shape of the spectral line distribution around each gear mesh frequency harmonic is different, although the separation between the lines is the same and is equal to ∆f = Nf C .
In case the N-th harmonic of the gear mesh frequency is present in the vibration, then the spectral line at this frequency will have non-zero magnitude, as illustrated in the upper right inlet of Figure 11 . The distribution of lines around this frequency is symmetric in magnitude and frequency.
If Z R / N = 0.5, then the lines at the frequencies N / 2-th harmonics of the gear mesh frequency will have non-zero magnitude, each with a symmetrical distribution of lines spaced at ∆ f = Nf C . Group D This group is composed by planetary gear transmissions whose planet gears are not equally distributed around the sun gear and whose gear mesh processes are out-of-phase. This latter condition is met only if ϕ i Z R /(2π) is non-integer or zero.
It is not possible to typify a defined vibration spectrum structure, because several geometries of planetary gear transmissions meet the above mentioned conditions, each originating a different vibration spectrum structure. Nonetheless, it can be stated that the majority of the transmissions of this group will present a vibration spectrum with nonzero magnitude lines at the gear mesh frequency and harmonics, each with a magnitude-asymmetrical distribution of spectral lines spaced at ∆ f = f C . Moreover, the relative shape of the spectral line distribution around each harmonic of the gear mesh frequency will be different. These characteristics are illustrated in Figure 13 . Figure 14 shows the spectrum from a PG pertaining to group A (Z R = 72 and three equally-distributed planet gears.) In this case, lines at the gear mesh frequency and harmonics are observed, as the model predicts (only the portion around f g is shown.) The model also predicts the presence sidebands spaced at 3 × f C around the gear mesh harmonics; these are also observed in the spectrum. Additionally, sidebands spaced at f C (not predicted by the model) are recognized; their presence could be explained by differences existing in the vibrations generated by the different planets, something not considered in the presented model. Figure 15 shows another vibration spectrum from a PG pertaining to group A (Z R = 99 and three equallydistributed planet gears.) In this case, the picture is closer to the model prediction. The spectrum is dominated by the lines at the gear mesh frequency and harmonics, each with sidebands spaced at Nf C (N = 3 in this case). The structure of lines around the gear mesh frequency is, however, not symmetric as the model predicts. This can be due to the interaction with the frequency response function of the system, not considered in the model. Planetary gearbox of group B [15] . Figure 17 shows the spectrum of the vibrations measured on another PG of group B (Z R = 113 and three equally-distributed planet gears.) As the model indicates, the lines at the gear mesh frequency (f g = 113 in this case) and its second harmonic are suppressed and, therefore, absent in the spectrum. In this PG, the third multiple of the gear mesh frequency coincides with the harmonic Nf g , for which a different picture is expected according to the model (see the upper right inlet of Figure 11 .) Figure 18 shows the spectral structure around Nf g .
COMPARISON WITH REAL MEASUREMENTS
As predicted by the model, the line at the third multiple of the gear mesh frequency is present in the spectrum, with sidebands spaced at Nf C . Note the model predicts a symmetrical distribution around this multiple, which is in agreement with this real measurement. This, however, can be different in other cases, due to the influence of the response of the system, as previously mentioned. 
CONCLUSIONS
A model descriptive of the vibrations measured in the outer part of the ring gear of a single-stage planetary gear transmission has been presented. From the frequency analysis of the model it is concluded that the lines present in the spectrum of the measured vibrations are determined by the geometry of the transmission. Hence, the structure of the vibration spectrum can vary significantly for different planetary gear transmissions, although all represent their normal vibratory behaviour. Based on the analytical study of the expected vibration spectrum structure for different geometries, a classification of planetary gear transmissions in four groups is proposed. The characteristics of the spectrum of each group have been presented. This allows the a-priori estimation of the vibration spectrum structure of a non-faulty single-stage planetary gear transmission, provided the geometry of the transmission is known. The results from the model find good agreement with the observation from real measurements.
